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We analyze spatiotemporal dissipative solitons in two-dimensional photonic lattices in the presence of gain
and loss. In the framework of the continuous-discrete cubic-quintic Ginzburg-Landau model, we demonstrate
the existence of novel classes of two-dimensional spatiotemporal dissipative lattice solitons, which also include
surface solitons located in the corners or at the edges of the truncated two-dimensional photonic lattice. We find
the domains of existence and stability of such spatiotemporal dissipative solitons in the relevant parameter
space, for both on-site and intersite lattice solitons. We show that the on-site solitons are stable in the whole
domain of their existence, whereas most of the intersite solitons are unstable. We describe the scenarios of the
instability-induced dynamics of dissipative solitons in two-dimensional lattices.
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I. INTRODUCTION
Nonlinear optical surface waves guided by interfaces
separating different dielectric media were predicted and ana-
lyzed some time ago 1–8, but their direct observation has
been hindered by experimental difficulties related to the high
power thresholds required for their excitation. Recently, the
interest in the study of nonlinear self-trapped optical surface
waves has been renewed after the theoretical prediction
9,10 and subsequent experimental demonstration 11 of
nonlinearity-induced light localization near the edge of a
truncated one-dimensional waveguide array with self-
focusing nonlinearity, which can lead to the formation of the
so-called discrete surface soliton. The generation of a surface
soliton can be understood with the help of a simple physics
12 as a trapping of a discrete optical soliton 13 near the
repulsive edge of the lattice when the beam power exceeds
some threshold value. The surface solitons become possible
solely due to the lattice discreteness effects, and they exist in
neither continuous nor linear limits. Some of the specific
features of such optical surface solitons in other relevant
physical settings have been recently investigated both theo-
retically 14–18 and experimentally 19–23 see also Ref.
24 for recent comprehensive overviews of experimental
and theoretical developments in the area of discrete optical
solitons.
Recently, we demonstrated theoretically that the presence
of gain and loss, due to optical amplifiers and saturable ab-
sorbers, would affect the properties of discrete surface soli-
tons 25. Similar to other types of discrete dissipative soli-
tons in both one- and two-dimensional lattices 26–29, the
dissipative surface solitons exhibit novel features that, as a
result of both discreteness and gain loss effects, have no
counterpart in either the continuous limit or in other conser-
vative discrete models for both cubic and quadratic nonlinear
media 30–37.
Following our earlier studies 25,38,39, in this paper we
study the unique features of spatiotemporal Ginzburg-
Landau GL solitons which can exist in both infinite and
truncated two-dimensional photonic lattices in the presence
of gain and loss. Theoretical studies of discrete surface soli-
tons localized in the corners or at the edges of two-
dimensional photonic lattices 40–42 and recent observa-
tions of two-dimensional surface solitons in optically
induced photonic lattices 43 and laser-written waveguide
arrays in fused silica 44 demonstrated novel features of
these two-dimensional nonlinear surface modes in compari-
son with their counterparts in one-dimensional waveguide
arrays. In particular, in sharp contrast to one-dimensional
discrete surface solitons, the mode threshold is lower at the
surface than in a bulk making the mode excitation easier
41.
For our studies, we employ the GL equation, which is
known to be a ubiquitous model in many physical problems
45, and in different forms it appears as the simplest model
for describing dissipative solitons 46 and laser patterns in
cavities 47. In application to the photonic lattices, a peri-
odic index modulation can be modeled by a discrete GL
equation that describes the presence of gain and loss due to
optical amplifiers and saturable absorbers 26. Up to now,
dissipative discrete solitons have been analyzed only in infi-
nite one-dimensional arrays and lattices. In this paper, we
study the properties of spatiotemporal GL solitons including
surface solitons located in the corners or at the edges of the
truncated two-dimensional photonic lattice in the presence of
gain and loss. We find the domains of existence of such
solitons in the relevant parameter space, for both on-site and
intersite spatiotemporal dissipative solitons located in the
corner, edge and the center of the lattice. We study the sta-
bility of spatiotemporal GL solitons and describe the com-
PHYSICAL REVIEW E 78, 056602 2008
1539-3755/2008/785/0566029 ©2008 The American Physical Society056602-1
plex instability-induced scenarios of their dynamics in two-
dimensional lattices.
II. MODEL
We consider light propagation in a square photonic lattice
created by lossless weakly coupled arrays of identical evenly
spaced two-dimensional homogeneous waveguides, which
we model in the framework of the coupled-mode approach.
In the discrete model the electric field is decomposed into
modes of identical waveguides with the mode profile
ex ,y ,0, and the normalized with respect to the coupling
constant propagation constant kz at the center frequency of
the pulse 0 as
Ex,y,z,t = 
n,m
En,mt;zex,y,0expikzz − 0t + c.c.,
1
where the propagation distance z is normalized with respect
to the coupling constant in both horizontal and vertical di-
rections, and t is the time normalized with respect to the ratio
of group-velocity dispersion and coupling constant.
In the coupled-mode theory, only the amplitude En,m of
the electric field in the waveguide with the site n ,m is
considered to evolve during propagation while the mode pro-
file is assumed to remain constant. Therefore, the slowly
varying normalized envelope En,m obeys a set of coupled
partial differential equations which describes, in the frame-
work of the tight-binding approximation or coupled-mode
theory, the spatiotemporal dynamics of light in a two-








+ Vn + VmEn,m + FEn,m = 0, 2
where
FE = iE + p + qE2E2E . 3
Here the lattice indices are n ,m=0,1 , . . ., and E
−1,m=En,−1
0 due to the lattice termination. We define the lattice cou-
plings as VnEn,m=E1,m for n=0, m0 and VnEn,m=En+1,m
+En−1,m for n0, respectively, VmEn,m=En,1 for m=0, n
0 and VmEn,m=En,m+1+En,m−1, for m0.
In Eqs. 2 and 3 the real parameter 0 stands for
linear losses. Other coefficients of the discrete Ginzburg-
Landau equation 2 are assumed, in general, to be complex,
and they are defined as follows: D˜ =D /2− i, =r+ ii, p
=− i, and q=	+ i
. We scale the real part of D˜ to 1 /2, i.e.,
we consider anomalous group-velocity dispersion GVD
D= +1, and scale the self-focusing Kerr nonlinearity coef-
ficient to = +1. The imaginary part  of the complex coef-
ficient D˜ accounts for the spectral filtering, i.e., dispersion of
the linear loss. The real part r of the complex coefficient 
is normalized to 1 /2; it accounts for tunneling between the
adjacent waveguides, while the imaginary part i of the co-
efficient  stands for gain losses introduced by coupling.
Here 0 is the nonlinear cubic gain, 
0 is the nonlin-
ear quintic loss, while 	0 accounts for the self-
defocusing quintic correction to the cubic Kerr nonlinearity
saturation of the optical nonlinearity.
Here we are restricting to the case of anomalous GVD
D= +1 and self-focusing cubic nonlinearities = +1, be-
cause we are considering only the existence and stability of
bright-type discrete spatiotemporal Ginzburg-Landau soli-
tons. However, such bright-type discrete spatiotemporal soli-
tons should also exist in the case of normal GVD D=−1
and for self-defocusing cubic nonlinearities =−1 38. In
order to get stable bright-type solitons, a stable supporting
zero background is necessary; therefore we have considered
that the parameter  accounting for linear losses is positive.
By using the simple estimates given in Ref. 29, if the linear
loss parameter  is kept fixed, stable discrete spatiotemporal
solitons exist in some domains in the parameter plane  ,





We look for spatiotemporal localized solutions of the dis-
crete GL equations 2 and 3 in the form
En,mt;z = En,mtexpiz , 4
where  is the nonlinearity-induced shift of the waveguide
propagation constant, and the envelope En,mt describes the
temporal evolution of the solitonlike pulse propagating in the
n ,m waveguide lattice site. Although in a discrete model
various combinations of the signs of dispersion and nonlin-
earity as well as the spatial topology may potentially lead to
different types of spatiotemporal localized solutions, in this
paper we restrict ourselves, for the sake of clarity and sim-
plicity, to the case of anomalous GVD D= +1, self-
focusing nonlinearity = +1, and in-phase (unstaggered)
localized modes in two-dimensional dissipative lattices.
The localized solutions En,mt of the partial differential
equations 2 are found by adequate numerical methods as-
suming that the amplitude of the pulses in each waveguide,
max En,m, decays rapidly far from the corners and the edges
of the truncated waveguide lattice, so that the corresponding
solution describes a spatiotemporal mode localized in the
lattice corner or at its edge. Also we find numerically the
nonlinear discrete spatiotemporal GL solitons located far
away from the corners and edges, so such modes can be
therefore treated as the modes of an infinite two-dimensional
photonic lattice.
For the numerical calculations we fix, for simplicity, some
of the parameters of the GL model as follows: =0, i=0,
	=−0.1, =2, and vary the nonlinear cubic gain  and the
nonlinearquintic loss 
. In order to find numerically the
envelope En,mt of the spatiotemporal dissipative soliton we
start with an arbitrary input pulse typically, a Gaussian one,
and simulate Eqs. 2 and 3 forward in z, expecting that a
stable dissipative soliton localized at the corner, edge or deep
inside the photonic lattice will emerge after a certain propa-
gation distance in the form of En,mt ;z=En,mtexpiz,
where the propagation constant  is the corresponding eigen-
value determined by the parameters of Eqs. 2 and 3. As in
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the case of spatiotemporal surface GL solitons in one-
dimensional photonic lattices 25, we employ a standard
Crank-Nicolson scheme for numerical integration of the
coupled complex GL equations; the temporal grid has a typi-
cal step length t=0.1, whereas the typical longitudinal step
size is z=0.01. Depending on the value of the propagation
constant, we use up to 161 discretization points in the con-
tinuous time interval 0, tmax, and up to 3131 grid points
for the discrete spatial coordinates. The nonlinear finite-
difference equations are solved by using the Picard iteration
method 48, and the resulting linear system is handled with
the help of the Gauss-Seidel iterative procedure. To achieve
good convergence, we typically need ten Picard and four
Gauss-Seidel iterations. The propagation constant  is deter-
mined as the z derivative of the phase of En,mt ;z, and the
solution is reckoned to achieve a stationary form if  ceases
to depend on z and t, up to five significant digits.
Typical examples of spatial profiles and temporal cross-
sections of stable on-site odd spatiotemporal GL solitons
localized in the center of the lattice representing a spa-
tiotemporal discrete soliton in an infinite two-dimensional
lattice, together with the surface solitons located in the cor-
ners or at the edges of the truncated photonic lattice, are
shown in Figs. 1–3 for two representative sets of the param-
eters 
 ,. These nonlinear spatiotemporal continuous-
discrete dissipative localized states can be termed “dissipa-
tive discrete surface light bullets” 49,50. We mention that
similar shapes of the on-site solitons are obtained for other
parameter sets, too. The overall rule is the following: when
the nonlinear quintic loss 
 is fixed the amplitude and en-
ergy of the soliton increases as the nonlinear cubic gain 
grows, whereas when the cubic gain parameter is fixed the
amplitude and energy of the soliton increases as the quintic
loss parameter decreases.
The localized modes centered in the corners or at the
edges of the two-dimensional square photonic lattice which
are found here provide a generalization to dissipative dy-
namical systems of the spatiotemporal surface solitons re-
cently predicted to exist in nondissipative Hamiltonian
semi-infinite discrete dynamical systems 38,39,51,52. Im-
portantly, the central mode located deep inside the center of
the lattice, representing a continuous-discrete spatiotemporal
GL soliton in an infinite two-dimensional waveguide lattice,
has not been studied before, to the best of our knowledge.
In Fig. 4 we show typical examples of spatial cross sec-
tions of stable on-site corner localized in the 1, 1 lattice
site and edge localized in the 1, 15 lattice site spatiotem-
poral surface GL solitons with both relatively low and rela-
tively high peak amplitudes corresponding to two sets of
parameters 
 ,. Several examples of spatial cross sections
of double-peak intersite spatiotemporal surface solitons lo-
cated in the corners or at the edges of the truncated lattice,
together with the central mode located deep inside the lattice,
are shown in Fig. 5. The double-peak intersite solitons are
unstable in large domains of the parameter space; however,
we have found that in some restricted domains of the rel-
evant parameters 
 ,, the double-peak intersite bulk soli-
tons the central modes are found to be stable see below the
detailed stability analysis. Only the high-peak-amplitude
and energy intersite soliton located in the center of the
lattice shown in Fig. 5f was found to be stable see also
Figs. 10e and 10f. We mention that the temporal profiles
corresponding to the spatial profiles shown in Figs. 4 and 5
are similar to those displayed in Fig. 3.
The dissipative optical solitons can be characterized by
the total energy E defined as
FIG. 1. Color online Spatial cross sections of stable on-site
spatiotemporal solitons with low and high peak amplitudes local-
ized in the center of the lattice. Parameters are 
=1 and =3.5
left, 
=0.2 and =1.5 right.
FIG. 2. Color online Examples of spatial cross sections of
stable on-site spatiotemporal surface solitons with both relatively
low and relatively high peak amplitudes localized in the lattice cor-
ner left column and at the lattice edge right column. Parameters
are 
=1 and =3.5 for low-amplitude solitons; 
=0.2 and 
=1.5 for high-amplitude solitons.








which remains constant for stationary solitons. The depen-
dencies E=E and = for the corner and edge on-site
and double-peak intersite surface solitons are shown in Fig.
6. In Fig. 7 we show the normalized energy E and propaga-
tion constant  vs cubic gain , for both relatively low-
energy for 
=1, and relatively high-energy for 
=0.2
on-site solitons located far away from the lattice edges. If we
compare the corresponding energy curves of different surface
modes, including the case of a spatiotemporal soliton located
inside the lattice, we notice that in a large domain of varia-
tion of the nonlinear cubic gain , the energy of surface
modes localized in the corners and at the edges of the lattice
is lower than that of the bulk mode, similar to the case of
surface light bullets in the corresponding conservative sys-
tem 52.
IV. STABILITY ANALYSIS
We find that the on-site spatiotemporal dissipative solitons
located in the corner co, at the edge ed, and in the center
ce of the lattice are stable in some intervals of the variation
of the cubic gain  see Fig. 8. In fact, we find that there
exists a minimum value low of the nonlinear gain  for sup-
porting a stable soliton. Indeed, for the values of  smaller
than the minimum value low the input pulse decays whereas
for the values of the cubic gain parameter inside the stability
interval low,upp the Gaussian input rapidly converges to-
ward the corresponding on-site discrete surface soliton, and
its propagation constant  can be uniquely determined. How-
ever, for values of the nonlinear gain parameter  larger than
a maximum value upp, a dissipative soliton cannot be
formed as well; in this case the soliton propagation constant
 cannot be determined numerically the peak amplitude and
the energy increase indefinitely in an oscillatory manner.
The Gaussian input is converted into an expanding pattern
composed of two fronts moving in opposite directions along
the temporal axis, similar to the case of dissipative spa-
tiotemporal surface solitons in one-dimensional waveguide
arrays 25. We mention that stability domains similar to
those shown in Figs. 8a and 8b for the 0, 0 corner and
0, 15 edge solitons have been found for the 1, 1 corner
and 1, 15 edge solitons as well.
The stability of the on-site odd and intersite even spa-
tiotemporal surface GL solitons has been investigated by per-
forming a linear stability analysis via the calculation of the
perturbation eigenvalues and by double-checking these re-
sults in direct propagation simulations. To this end, we have
considered a perturbed solution of the nonlinear dynamical
system 2 of the form
En,mt;z = En,mt + fn,mtexpzexpiz , 6
where  which may be, in general, a complex number is the
growth rate of the small perturbation represented by the
eigenmode fn,m.
FIG. 3. Color online Temporal cross sections of stable on-site
spatiotemporal surface solitons localized in the corner, at the edge,
and in the center of the lattice, respectively. Shown are the temporal
profiles of relatively low-amplitude and relatively high-amplitude
solitons corresponding to the spatial profiles displayed in Figs. 1
and 2. Here =3.5 for low-amplitude solitons and =1.5 for
high-amplitude solitons. FIG. 4. Color online Examples of spatial cross sections of
stable on-site corner localized in the 1, 1 lattice site and edge
localized in the 1, 15 lattice site spatiotemporal surface solitons
with both relatively low and relatively high peak amplitudes. Here

=1 and =3.5 for low-amplitude solitons, and 
=0.2 and 
=1.5 for high-amplitude solitons.
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The substitution of the above expression into the coupled
system of GL equations 2 leads to linearized equations for
the perturbation eigenmodes fn,m and perturbations eigenval-
ues , which were solved by standard numerical techniques.
We have found that for the on-site solitons max Re=0,
implying their stability in the whole domain of their exis-
tence, whereas double-peak corner and edge intersite solitons
were found to be unstable in the whole domain of their ex-
istence, because max Re0 see Fig. 9 for some typical
examples for 
=1. The stability of multiple-peaked intersite
GL solitons located deep in the center of the two-
dimensional lattice deserves a separate study; here we
present only a few typical examples. Though the on-site cen-
ter solitons were found to be stable in the whole domain of
their existence see Figs. 10a and 10b, the two-peaked
intersite center solitons were found to be either stable see
Figs. 10e and 10f or unstable see Figs. 10c and 10d,
depending on the values of the two relevant parameters of
the GL model, namely, 
 and . We expect to get also do-
mains of stability for four-peaked intersite spatiotemporal
GL solitons located deep inside the lattice, similar to the case
of spatial discrete GL solitons in two-dimensional lattices
29.
Notice that, in addition to the fundamental on-site 0, 0
corner soliton, other on-site corner solitons centered in the
1, 1 and 2, 2 lattice sites are found to be stable in their
whole existence domain see Fig. 6a, where the energy-
cubic gain curves are shown only for the cases of 0, 0 and
1, 1 corner solitons because the corresponding curve for 2,
FIG. 5. Color online Examples of spatial cross sections of
double-peak intersite spatiotemporal surface solitons with both low
and high peak amplitudes localized in the lattice corner a and d,
at the edge b and e, and in the center of the lattice c and f.
Here 
=1 and =3.5 in a–c, and 
=0.2 and =1.5 in d–f.
FIG. 6. Color online a,c Normalized energy E vs cubic gain
, and b,d propagation constant  versus cubic gain , for a,b
corner and c,d edge on-site and double-peak intersite surface
solitons. Here 
=1.
FIG. 7. a,c Normalized energy E vs cubic gain , and b,d
propagation constant  versus cubic gain , for a,b relatively
low-energy for 
=1, and relatively high-energy for 
=0.2 on-
site solitons localized deep in the center of the lattice.
SPATIOTEMPORAL DISSIPATIVE SOLITONS IN TWO-… PHYSICAL REVIEW E 78, 056602 2008
056602-5
2 solitons nearly overlaps them. Moreover, we have found
that, in addition to the fundamental on-site 0, 15 edge soli-
ton, other on-site edge solitons centered in the 1, 15 and 2,
15 lattice sites are found to be stable in their whole exis-
tence domain see Fig. 6c, where the energy-cubic gain
curve for 2, 15 solitons is not shown because it nearly
overlaps the corresponding 0, 15 and 1, 15 curves. More-
over, we have found that the out-of-phase staggered dis-
crete spatiotemporal Ginzburg-Landau solitons are unstable.
V. INSTABILITY-INDUCED DYNAMICS
To cross-check the results of our linear stability analysis,
we employ direct numerical simulations to study the propa-
gation dynamics of both stable and unstable solitons. We find
that the on-site dissipative solitons survive in the presence of
a relatively large up to 10% white input noise added to the
stationary solutions, whereas the intersite solitons, for which
the linear stability analysis predicts the existence of a non-
zero real part of the perturbation eigenvalue, are found to be
indeed unstable in numerical propagation simulated without
adding a white noise at the input. As typical examples, in
Figs. 11 and 12 we show the evolution of the soliton peak
amplitude and energy vs propagation distance for both stable
on-site and unstable two-peaked intersite corner and edge
solitons.
As the next step, we analyze systematically the possible
outcomes of the evolution of the unstable double-peak inter-
site solitons localized at the corner or at the edge or the
center, which are propagated without an input noise. We fix
the parameter 
=1 and vary the cubic gain parameter .
Recall that for our choice of parameters the intersite corner
and edge solitons exist in the intervals low=3.185
3.743=upp, and low=3.2623.746=upp, respec-
tively. We find that, for relatively low values of the cubic
gain parameter in the vicinity of the minimum permitted
value low, the input unstable intersite corner and edge soli-
tons decay. If we increase the cubic gain, e.g., to the value
=3.3, the relatively low-peak-amplitude unstable intersite
solitons localized in the corner and at the edge eventually
FIG. 8. Domains of existence and stability in the plane 
 , for
on-site dissipative discrete light bullets located in the corner co, at
the edge ed, and in the center ce, respectively.
FIG. 9. Largest instability growth rate versus cubic gain a and
versus propagation constant b for double-peak intersite corner and
edge solitons. Here 
=1.
FIG. 10. Color online Evolution of a,c,e on-site and in-
tersite peak amplitudes and b,d,f energies for stable a,b on-
site and e,f intersite central modes, and for unstable c,d in-
tersite central modes. Here =3.5 and 
=1 in a–d, and =1.5
and 
=0.2 in e–f.
MIHALACHE et al. PHYSICAL REVIEW E 78, 056602 2008
056602-6
reshape to moving low-energy stable on-site 0, 0 corner and
0, 15 edge solitons, which correspond to the same set of
parameters of the GL equation see the lower curves in Figs.
11c, 11d, 12c, 12d, 13a, and 13c. However, for
larger values of the cubic gain e.g., for =3.5 the relatively
high-peak-amplitude unstable intersite corner and edge soli-
tons split into two stable on-site corner and edge solitons,
moving in opposite directions and centered in two different
lattice sites 0, 0 and 1, 1 0, 15 and 1, 15. These
emerging pairs of stable on-site solitons see the upper
curves in Figs. 11c, 11d, 12c, 12d, 13b, and 13d
correspond to the same set of parameters of the GL equation.
Finally, for relatively large values of the cubic gain param-
eter in the vicinity of the maximum permitted value upp, the
input unstable intersite solitons generate expanding patterns
composed of two fronts moving in opposite directions along
the temporal axis the corresponding energy increases indefi-
nitely. Concerning the instability scenarios of the two-peak
intersite solitons located deep inside the lattice the bulk
mode we have found that the unstable intersite 15, 15
center soliton decays into a stable on-site 0, 15 edge soliton
see Figs. 10c and 10d for the evolution of the soliton
peak amplitude and energy.
VI. CONCLUSIONS
In the framework of the continuous-discrete cubic-quintic
Ginzburg-Landau model, we have analyzed the existence and
stability of spatiotemporal dissipative solitons in two-
dimensional photonic lattices with cubic nonlinear response
in the presence of gain and loss, which appear due to optical
amplifiers and saturable absorbers. We have demonstrated
that the presence of gain and loss supports the existence of
novel classes of stable continuous-discrete two-dimensional
spatiotemporal Ginzburg-Landau solitons, which can also be
termed dissipative discrete light bullets. These classes of
nonlinear localized modes include both the bulk lattice soli-
tons localized in the center of the two-dimensional lattice
and the surface lattice solitons which are localized in the
lattice corners or at the edges. We have studied the soliton
FIG. 11. Color online Evolution of the stable on-site and un-
stable intersite peak amplitudes a,c and energies b,d versus
propagation distance for the corner solitons. Here 
=1, =3.5
a,b and upper curves in c,d, and =3.3 lower curves in
c,d.
FIG. 12. Color online The same as in Fig. 11 but for the edge
solitons.
FIG. 13. Color online Reshaping of the relatively low-
amplitude unstable intersite a 0, 0 corner and c 0, 15 edge
solitons into moving low-energy on-site corner and edge solitons,
respectively, centered at the same lattice sites, and splitting of the
relatively high-amplitude unstable intersite b corner and d edge
solitons into two on-site solitons moving in opposite directions and
localized at different lattice sites. Here 
=1, =3.3 a, c, and
=3.5 b, d.
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linear stability and also described several unique instability-
induced scenarios of the dissipative lattice solitons, such as
the formation of a moving stable soliton and the occurrence
of two solitons, moving in opposite directions, centered at
two adjacent sites of the photonic lattice.
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